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Experimental investigations showed linear relations between flows and forces in some biological energy converters operating
far from equilibrium. This observation cannot be understood on the basis of conventional nonequilibrium thermodynamics.
Therefore, the efficiencies of a linear and a nonlinear mode of operation of an energy converter (a hypothetical redox-driven
H ™ pump) were compared. This comparison revealed that at physiological values of the forces and degrees ot coupling (1) the
force ratio permitting optimal efficiency was much higher in the linear than in the nonlinear mode and (2) the linear mode of
operation was at least 10°%-times more efficient that the nonlir.2ar one. These observations suggest that the experimentally
observed linear relations between flows and forces. particularly in the case of oxidative phosphorylation. may be due to a
feedback regulation maintaining linear thermodynamic relations far from equilibrium. This regulation may have come about as
the consequence of an evolutionary drive towards higher efficiency.

1. Introduction

The detailed experimental investigation of
several biological energy converters, such as oxida-
tive phosphorylation, mitochondrial H* pumps
and (Na*+ K*)-ATPase, has revealed linear rela-
tions between flows and forces in a far-from-equi-
librium regime which, where tesied, exhibit sym-
metry suggestive of Onsager reciprocity [1-5]. This
experimental observation is very astonishing, since
it seems to be in sharp contrast to the severe
restriction of linear relations to the immediate
neighborhood of equilibrium. In fact, classical
nonequilibrium thermodynamics furnishes the
criterion for the validity of linear relations for
processes involving chemical reactions in the form
of the well known inequality [ X| << R7, where X is
a generalized force like a chemical affinity or an
electrochemical transmembrane gradient [6,7]. (Of
course, purely vectorial processes, in contrast to
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scalar processes, are notoriously linear when by
the above criterion they are far from equilibrium,
examples being Ohm’s law, Poiseuille’s law, etc.).
In biclogical systems. therefore, the experimentally
observed linearity seems not to be the natural
consequence of a near-equilibrium regime but ap-
pears rather to be the result of a sophisticated
feedback regulation which maintains linearity far
from equilibrium. Obviously, such a postulate leads
immediately to the question: what is the advantage
for the system to obey linear laws between flows
and forces? In other words, we have to answer the
question as to whether the linearity of laws far
from equilibrium is perhaps the result of some
type of optimization. In this paper we will demon-
strate that the efficiency of a rather general class
of model biological energy converters driven far
from equilibrium is greatly improved by linear
relations between flows and forces.

It is important to stress that the comparison of
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efficiencies of linear and nonlinear energy con-
verters cannot be done solely on the basis of
purely phenomenological thermodynamic schemes,
but in contrast, necessitates a combination of ther-
modynamic and kinetic considerations. The re-
quirement for kinetic considerations unfortunately
leads to a loss of the generality characteristic of
purely thermodynamic schemes, simply because
kinetics is always based on specific models. How-
ever. the diagrammatic method of Hill [8] allows
the introduction of kinetic considerations into
thermodynamic schemes on a low level of detail.
Therefcre. a treatment of our problem within the
framework of Hill's approach allows us to give an
answer which is applicable to a broad class of
biological energy converters. In addition to being
quite general, Hill’s method has the additional
advantage of being elegant and chemically trans-
parent.

In section 2 we will present a general model of
noncooperative energy converters and section 3
will demonstrate the principle of optimization
through linearity on the basis of this model.

2. The model

Most of the experimentally investigated biologi-
cal energy-converting systems are active transport
systems. A convenient description of representa-
tive systems of this type has been given by Hill [8].
Without loss of generality we can represent the
basic features of such systems by the simple scheme
shown in fig. la for the case of a hypothetical
redox-driven H™ pump (see also ref. 9). Different
states of the transporting enzyme embedded in the
membrane are represented in sketches 1-5. It
should be noted that each of these states may
consist of a large number of substates equilibrat-
ing with each other on a relatively fast time scale.

The kinetic description of the system in fig. la
is given in fig. 1b. In this Hill diagram each line
represents a possible transition among the differ-
ent states depicted in fig. 1a. To be more specific,
each line represents the conventional arrows for
the forward and the backward reaction between
the two states connected by the line. Hence, each
line is implicitly associated with two first-order
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Fig. 1. (a) Model of a hypothetical redox H* pump. The
H *-transporting enzyme sits in 2 membrane in different config-
urations: empty H*-binding site oriented towards the inside or
outside compartment (states 1 and 1’) and same configurations
but with an H™ bound to the H*-binding site (states 2 and 3).
For states 4 and 5 an arbitrary mechanistic choice is made. The
reduced substrate SH,, is bound to the configuration where the
occupied H*-binding site is oriented inwards (state 4). Oxida-
tion of the substrate induces a2n obligatory conformational
change of the enzyme such that the bound H* now faces the
outside compartment (state 5). (b) Hill diagram of redox H*
pump. Five kinetically relevant states of the H™-transporting
enzyme depicted in panel a are mapped on a linear graph (Hill
diagram) as described in the text. There are three cycles labelled
a, b and ¢ which each permit an independent steady state with
one degree of freedom of H* flow and/or redox reaction.
Coupling of substrate oxidation to net H™* transport is only
possible in zycle a whereas cycles b and ¢ permit uncoupled
flows of either H™ across the membrane or redox reaction.
respectively. The overall steady state of the enzyme is repre-
sented by a linear combination of these three independent cycle
flows. .
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rate constants. For convenience, without loss of
generality, we assume the forward and backward
transitions between states 1 and 1’ to be relatively
rapid. This permits us to represent the system by
five kinetically relevant states. Ligand binding to
(or release from) the enzyme is also indicated.

Although we have represented the system by
five states, the argument to be presented below
would not be influenced at all by the introduction
of any number of additional states, i.e., rate-de-
termining transitions, providing the following re-
quirements are satisfied: we do not introduce
rate-determining transitions of ‘naked’ states be-
tween 1 and 1’, and the ‘leakage’ transition or
chain of transitions occurs as an alternative to the
binding of substrate. Relaxing the first require-
ment does not change the argument in its essen-
tials. The diagram in fig. 1b is composed of three
cycles. As has been shown by Hill, the net steady-
state flows may be written in terms of these three
cycle flows [8].

Thus
Jy = cycle flow a +cycle flow & (1
Jo = cycle flow a +cycle flow ¢ (2)

These equations take the following nonlinear ex-
plicit form which can be read off the diagrams
according to a straightforward algorithm [8]

J =n[(a+b)(en/RT—1)

+a(eXo/RT 1) 4 g(e"¥n/RT _ 1)(e¥o/RT _ l)] 3)
J(r)-l = a(en-\'u/RT_ I)+[a + C(l + Y)](E.YO/RT_ l)

+(a+c)(e” BT —1)(eVo/RT —1) “)
In these equations Xy; and X, represent the elec-
trochemical potential difference of H* across the
membrane and the redox potential applied to the
pump [10], respectively. where n is the number of
H™* bound or released in the transitions 1-2 or
1-3. The quantities a, b and ¢ are clusters of
kinetic constants and concentrations, related to
cycle diagrams a. b and c. respectively, having the
following structure
a=(A/)cs(ci)” )
b= (B/I)(ci)" 6)
e=(C/D)es(ei)” Q)

where ¢g is the product (i.e., oxidized substrate)
and c§; the H* concentration on the external side
(i.e., the side towards which pumping occurs). 4. B
and C contain first-order rate constants only and
hence, for isothermal systems, are constants. ¥, is a
sum of ‘directional diagrams’, i.e., a sum of prod-
ucts of rate coefficients and associated concentra-
tions taken along every possible path, or combina-
tion of paths, leading to each one of the states |8].
The parameter y is a convenient measure for the
relative binding affinity for H* on either side of
the membrane. This parameter depends on the
ratio of the external to the internal binding affin-
ity.

In the near-equilibrium limit. egs. 3 and 4 as-
sume the conventional linear and symmetric form

Jhy=n*(a+b)Xy/RT +anXo/RT (8)
J=anXy; /JRT+[a+c(1+v)] Xo/RT 9)

These equations readily permit a kinetic and intui-
tive interpretation of the degree of coupling g and
the phenomenological stoichiometry Z [2,11]

q={[1+AL;S][1+——C“;”]}_V2 (10)

Z=n{[1+:‘%]/[l+-cﬂ—:—y)]}l/z (11)

~ote that the quantities ¢ and Z depend on the
state of the system as defined by the concentration
cs- Alternatively, the state of the system might be
defined in terms of cgy, (see fig. 1b). For the
special case B=C =0 we obtaing=1 and Z = n.
This situation corresponds to the absence of any
leakage flows. This clearly illustrates that the phe-
nomenological stoichiometry Z is, in general, not
equal to the mechanistic stoichiometry »n.

The flow ratio [11] can be treated in a similar
fashion by defining the state of the system in
terms of c¢g (Or cgy_ ). Thus, we find that the flow
ratio is a function of only the thermodynamic
forces, being independent of ¥ or the absolute
values of 4, B and C over the whole nonlinear
range (X has canceiled out and A4, B and C appear
only in ratios)

(%)m: {[(]+AL;S)(€"_\'"/RT_|)+(e.\’(,/RT_1)
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+(en.\'"/RT__ ])(e.\'u/RT_ l)]

< [(e"""/"— D+ (1 + QL:F*YI)(U'\"’/RT— 9]

-1

- (1 £ )cemsmemmoigesm - [} a)

Similarly. for the linear range

; ]
(ﬂ) —
Joy

Therefore, the efficiency [9] can also be described
throughout the nonlinear range by

B
(1 + :‘:;)Il,"” + Xo

C[1A+y]) R

(13)

nXy+ (l -+ X0

T\ x
T H (14)
}I() “()

and for the linear range
Tyt x
1 n) Su <
=~ 5 ) v (15
(3 R !

In what follows. we compare the behavior of a
svstem in two modes: one following the nonlinear
relationship. eqs. 3 and 4. and the other con-
strained in some manner to follow the linear rela-
tionship. egs. 8 and 9. for all values of the forces
X <0 and X, > 0 even far from equilibrium. By
virtue of the definition of ¢ and Z common to
both modes. this comparison can be made in a
physically consistent manner.

It is important to realize that as a corollary of
egs. 10 and 1! we have the following identities:
B _Z ., CUtyv)_
Ao, ng A qyZ
Thus, it is seen on examining eq. 12 that the
behavior of the flow ratio over the entire range
from equilibrium to far from equilibrium is
governed solely by g. Z. v and n. The quantities ¢.
Z and v are kinetic parameters which depend only
on the rate constants and. in the case of g and Z.
on a single concentration — the concentration of
the oxidized substrate. We have assumed that this
concentration may be taken to be constant. This is
not a heavy assumption — it simply means that we
manipulate the substrate concentration when we

move the system from near equilibrium to far from
equilibrium just as is commonly done in a
Michaelis-Menten analysis. The rate constants of
the svstem do not vary. and neither does the
mechanistic stoichiometry nn. Hence, q. Z. vy and n
are constant kinetic parameters independent of
whether the system is near or far from equilibrium.
Any self-consistent set of rate constants for the
model. i.e.. any set satisfying the condition of
microscopic reversibility, will generate values of g
and Z which satisfy the thermodynamic criterion
—1<g=<1 and a kinetic limitation on Z dis-
cussed below. Hence, whole classes of models may
be characterized kinetically by an a priori choice
of g. Z. vy and n.

3. Comparison of efficiencies of the linear and
nonlinear modes: optimization through linearity

A convenient measure for the deviation of the
phenomenological from the mechanistic stoichiom-
etry is the reduced phenomenological stoichiome-
try

(16)

ve
I

=N

This parameter is subject to the kinetic limitation
1
[

z{zq 17)

v

(in our model g has a positive value).

The upper and lower boundaries are mathe-
matical limits arising from C=0 and B=0. re-
spectively. These limits could not be, in fact. re-
ached by kinetic systems without violating the
principle of microscopic reversibility.

It is, nevertheless, very instructive to consider
the flow ratio at these boundaries in order to
obtain an insight into the energy converter operat-
ing in either the linear or the nonlinear mode. At
the upper boundary. i.e., at { = 1/g. we have

e Xu/RT _ g ]

'J” nt .
putl1 4 = oy — 8
( Jo );,, v n (8 )‘,ht.\‘"-,\",)/RT_ 1 (18)

. 1 2 - -
(ﬂ A - $ Xy + Xg (19)
Jo )3. -1 4 nXy + X
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By remembering that for a positive cycle flow in
cycle a the second law imposes the restriction
nXy + X, > 0 for not fully coupled systems [8]. a
straightforward calculation shows that [12]

J” )nl JH \l
- > — (20)
("0 s=1/q (”0 Js=1/4

On the other hand, at the lower boundary. i.e., at

{ = g. we have

al
(ﬂ) = (I+7)$n{[et"¥u Yol RT 1]
Jo Ji-4

< [(S-: _ I)( e Xu/RT _ .Ye.\'(,/RT)

* e(n,\',,+.\'(,)/kr(| +§2Y)_(§2+Y)]}_' @n

and
(ﬁ)' ol Xt X (22)
Jo Jrmg nX,+ Xo/t?
A somewhat involved proof shows that for y = 1
[12]
J")nl (JH )I
—_ —_ 23
("0 s'-‘{< Jo $=q 3

By invoking the definition of the efficiencies, egs.
14 and 15, we can summarize the conclusions from
these inequalities in the form of the following
theorem:

For vy > 1 we have

(24)

From this theorem it is obvious that there exists a
value of { in the open interval 1/g>{>gq at
which the efficiencies of the energy converter oper-
ating in the linear and in the nounlinear mode
break even. In other words. there exist values for ¢
where the energy converter operates more effi-
ciently in either the linear or the nonlinear mode.
Note that a fully coupled system is characterized
by a trivial break-even point only since g={ =1
due to B = C=0. Therefore, in a fully coupled
system the efficiencies of both the linear and non-
linear mode of operation are always equal. Since it
has been shown, however, that g4 =1 is incompati-

ble with optimal efficiency in biological energy
converters operating at nonvanishing output flows
[2]. this special case is of little physiological inter-
est.

The explicit calculation of the break-even point
in the interval 1/g>{ > g is analytically quite
complicated. Therefore, we have calculated this
point numerically in what follows. With this pro-
cedure our analysis will inevitably be limited to
arbitrarily selected values of the parameters. How-
ever. there will be no severe loss of generality,
since our theorem stated above guarantees the
existence of a break-even point for all values g < 1
as discussed, at least for y > 1.

The major problem we are now concerned with
is the exact location of the break-even point for
physiologically meaningful values of the parame-
ters. Tc be more specific, we would like to known
whether the linear or the nonlinear mode of opera-
tion of the converter is more efficient within the
physiological range of the parameters. Apart from
this qualitative criterion we would also like to
obtain a quantitative estimate of th2 efficiency
gained by switching from a nonlinear to a linear
mode of operation. For this it is conveniernt! to
introduce a measure for the efficiency gain in the
form of the ratio
p=n'/n" (25)
Note that the break-even point is characteiized by
p =1

Before calculating this ratio let us first consider
a general feature of the nonlinear mode. Fig. 2
depicts the dependence of the efficiency "' on the
force ratio x = ZX, /X, as well as on the input
force X,. From this figure it readily appears that,
in contrast to the linear mode, the efficiency of the
nonlinear mode explicitly depends on the magni-
tude of the input force X except at the level-flow
staute [11], i.e., at x =0. In fact, at level flow we
obtain the straightforward result

JH nl (-,H )l

2l =132 ) =gz 26
(JO)H Jo i T )
irrespective of X5 for all values of 1/g>¢>gq.
However. the efficiency vanishes at the levei-flow

state, since X;; = O (see gs. 14 and 15). Therefore,
level flow is a trivial break-even point of the
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Fig. 2. Efficiency surface of nonlinear mode of energy con-
verter. The efficiency of the nonlinear mode of the energy
converter 0" was calculated from eqs. 12 and 14 and was
plotied vs. the force ratio x for the different values of the input
force X, shown in the figure. Upon increasing X the absolute
magnitude of optimal efficiency ng;,, decreases and the optimal
force ratio x(’,"',, is shifted toward level flow. ie.. x=0. This
behavior is in contrast to the linear mode of the energy
converter where both nl,w and .\‘",p, are independent of X,.
Parameters used for this calculation: g = g5° = 0.972 (see ref. 2)
and Z=283. n=3. y=1.1.

system which is of no practical interest. The ex-
plicit dependence of #"' on X, is further illustrated
by the fact that for the linear mode the optimal
efficiency only depends on g [11]:

27)

e (=)

The corresponding quantity n(i'm for the nonlinear
mode. however, shows a complicated dependence
on X, in addition to g. The same feature holds for
the wvalue of the force ratio permitting optimal

efficiency. For the linear mode we have that

AY = —

—_—

which is a function of ¢ only. The corresponding
quantity _\‘"";,l for the nonlinear mode in addition to
g also depends on Xg.

(28)

As emerges from fig. 2, this dependence on X
has the consequence that the efficiency of the
nonlinear mode drops to low values at high values
of X,. Furthermore, at high values of X the value
of xZ}, is shifted towards level flow. These conse-
quences are of an immediate practical interest for
biological energy converters.

In fig. 3 the values of x[}, are plotted vs. X, for
four physiologically meaningful degrees of cou-
pling. Briefly, the degrees of coupling g; and ¢,
maximize net output flow and output power at
'n:,p(. respectively [2]. The values gf° and ¢;° are
the corresponding economic counterparts which,
in addition, minimize the energy costs of energy
transformation. As readily appears from the plot
i~ fig. 3 x7., approaches zero at high input forces.
In the overall process of oxidative phosphoryla-
tion, for example. which certainly represents the
most important energy converter in aerobic tissue,

the input force is the redox potential of the oxidiz-

i0 20 30
Input force X, (RT-units)

Fig. 3. Optimal force ratio of the nonlinear mode of the energy
converter. The force ratios .\'[,"',l corresponding to optimal ef-
ficiencies of the nonlinear mode of the energy converter TIS:,;
were searched numerically by using eqs. 12 and 14 for each
value of X and for the four degrees of coupling g indicated in
the figure. These values were then plotted vs. the input force
X - Parameters used for this calculation: ¢, = 0.786. g, = 0.910,
gf©=0.953 and g5 =0.972 (see text and ref. 2), Z =283,

n=3 y=1.1.
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able substrates whereas the output force is the
phosphate potential by which the majority of en-
ergy-utilizing processes in the cell are driven [2]. It
is sometimes claimed that in vivo these two forces
are essentially balanced, so that the system oper-
ates close to (or at) reversible equilibrium. How-
ever, this could only be true if the system were
completely coupled (g = 1), in which case the two
processes would merge into a single process
governed by a single total force that might be very
small or zero. Since we know that in mitochondria
g < 1 (see, for example, ref. 2), we cannot describe
mitochondrial oxidative phosphorylatic.. as a
single process, and hence the above claim is in-
valid. From the fact that in this converter the
input force is well above 50 RT units. it becomes
clear that the nonlinear mode of operation of
oxidative phosphorylation could only give rise to
phosphate potentials of the order of a few RT
units. As is well known from the work of the
Brussels school, the self-organization of nonequi-
librium systems and especially the onset and
maintenance of macroscopic order and coherence
characteristic for living organisms necessitate,
however, considerable distance from equilibrium
of the phosphate potential [13,14]. In the light of
these considerations, the low phosphate potential
resulting from a nonlinear mode of operation of
oxidative phosphorylation seems hardly to be
compatible with the very phenomenon of life. In
contrast, the linear mode of operation of oxidative
phosphorylation is not subject to such an un-
favorable behavior, since x(',pl does not depend on
X5 (see eq. 28). This already shows that the linear
mode of operation of energy converters should be
strongly favored in biological systems.

This advantageous performance of the linear
mode appears even more dramatically when
calculating the gain ratio p as defined in eq. 25. In
order to make this calculation, one has to choose a
reference force ratio where the efficiencies of the
two modes should be compared. It appears natural
to make this comparison at x(',pl for any degree of
coupling (see eq. 28). This choice is also inspired
by the fact, that for example in the liver cell, the
force ratio x(!)p[ appears to be a natural steady-state
force ratio of oxidative phosphorylation [2]. Re-
cent studies have indicated that this state is not

only the result of an adaptation of oxidative phos-
phorylation to different metabolic conditions but
that, moreover, this steady state is stabilized against
fluctuations through thermodynamic buffering re-
actions catalyzed by enzymes especially designed
for this purpose [15]. In fig. 4 the loci of different
values of p calculated at x;,, are plotted in the
g-Xo plane. From this figure it becomes quite clear
that the ioci of the break-even points, i.e., p=1,
are already reached at small input forces, espe-
cially at high values of g. In the physiologically
meaningful range of the parameters, i.e., 0.8 < g <
1 and X, > 40 RT units, the linear mode exhibits a
spectacular gain in efficiency as indicated by the
contours of p around 10°. This finding again indi-
cates that selection pressure might well have
favored the evolution towards a linear mode of
operation of biological energy converters.

As a final illustration of the advantage to be

Degree of couphing q

[sXe} = . = -
[lefa] 200 300 400 500

tnput force X, (RT-unrts)

Fig. 4. Optimization of efficiency through linearity. The values
of g yielding different discrete values of the gain ratio p = 7'/ "'
(eq. 25) were calculated numerically from egs. 12-15 at the
reference force ratios x",pl (eq. 28). The loci for equal values of
p were then piotted in the Xg-g plane for the values log
p=0.1,2,...,9 as indicated in the figure, the choice of param-
eters being Z=283, n=3 and y=1.1. From this plot it
becomes evident that at high values of the input force X and
within the physiological range of g the efficiency of the linear
mode is superior to the efficiency of the nonlinear mode by =
factor which approaches at least 10°.
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a

Fig. 5. Rauo of optimal efficiencies as a function of all Kinetic
parameters. Egs. 10-12 and 14 were used to find nf’,:,(
aiven set of Kinetic parameters by numerical iteration. Eq. 27
tiren allowed calculation of the ratio of optimal efficiencies
N7t / Mo This ratio was plotted as a function of ¢ within its
whole domain of definition given by ¢q. 17. In each panel a—c
one parameter was varied while the others were kept fixed. (a)
Vartation of g from 0.5 to 0.95 in steps of 0.05. Fixed parame-
ters: X, = 25 RT units. y = L.1. (b) Variation of X from 5 to
S0 RT units in steps of 5 R7 units. Fixed parameters: g = g, =
0.786. v = 1.1. (¢) Variation of y from 10 to 10”¢ in steps of
10 ', Fixed parameters: X, = 25 RT units. g = g; = 0.786. The
curves for y = 10, 10° and 10? were indistinguishable.

for any

gained by linearization, we consider the efficiency
ratio n:’,'p( /nf,pl. For any given values of the kinetic
parameters and the input force, the maximal ef-
ficiency in the entire nonlinear range, ng:,‘, may be
computed and compared with the maximum ef-
ficiency in the linear range, n:,pl, which depends
only on the kinetic parameter 4. In this compari-
son the force ratios are in generai quite different at
the two optima. Fig. 5 shows that over an ex-
traordinarily wide spectrum of models the ratio of
maximal efficiencies given above is less than unity.
and it clearly falls to very low values under physio-
logical conditions. It should be borne in mind that
g and 1/q are hypothetical limits which { cannot
actually reach. It is seen that the highest values of
input force, g and y are associated with the lowest
values of the ratio at all points on the {-coordi-
nate. Note that in panel b and c the value chosen
for g is g; [2]. a conservative lower estimate. The
quantity y may be expected to be in the vicinity of
unity in the case under consideration: in the case
of the Na™ pump, where the external binding
affinity i1s much lower than the initial binding
affinity, it may have a value of the order of 1072
[16].

In the light of these results it can be postulated
that the experimentally observed linearity of the
several biological energy converters operating far
from equilibrium, as mentioned in section 1, ap-
pears not to be the natural consequence of a
near-equilibrium regime, but rather to be due to
an enzymatic feedback regulation. One way in
which this might be realized would be through
changes in state parameters [16]. For example, in
the present context this would require appropriate
modulation of the concentration of the oxidized
substrate. Hence, linearity may well emerge as a
result of compensatory nonlinear processes — in-
deed this must be the case in frog skin [17]. One
might speculate that many biological energy con-
verters may have managed to prolong the domain
of linear laws between flows and forces into the
far-from-equilibrium regime by virtue of their
evolutionary drive towards higher efficiency.
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